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1 Darboux & Riemann Integration

1.1 Peano-Jordan Content

Definition 1. A set R C RY is called a pluri-rectangle if it is possible to
write it as a finite union of closed rectangles:

where each R; C RY is a closed rectangle.

Lemma 1. We can always assume the R; to have pairwise disjoint interi-
ors. That is, we can rewrite any pluri-rectangle R = Ule R; as
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Definition 2. The Peano-Jordan Content of a pluri-rectangle
If R is a rectangle, we define its Peano-Jordan content as:

PI(R) = vol(R)

If R is a pluri-rectangle R = Ule R;, where we assume the RY to be pairwise
disjoint as in the lemma, we define its Peano-Jordan as:

k
PJI(R) = vol(R;)
i=1
Definition 3. For E C RY, we define the inner Peano-Jordan content as:

PI(E)=sup{PJI(R)| RC E, R a pluri-rectangle}

and the outer Peano-Jordan content as

—_



PIT(E)=inf{PJ(R) | E CR, R a pluri-rectangle}
We say that a set E C RN is Peano-Jordan measurable if
PIT(E) =PI (E)

And we define its Peano-Jordan measure as PJ(E) := PJ T (E) = PJ (E).
Note that if PT1(E) = oo and PJ~(E) = oo, we consider this as PJ " (E) =
PJI~(E) and we define its Peano-Jordan measure as PJ(E) = oc.

Lemma 2. LetE € RN . Then,
(i) PJT(E) =0 if and only if E has empty interior;
(i1) Assume that PJ + (E) < co. Then, E is bounded;
(iii) PJT + (E) =PJ + (E)

So, the outer Peano-Jordan content is almost the same as the Lebesgue
outer-measure, with the difference that it is only allowed to look at finite covers
of E in rectangles. A problem is that unbounded sets will always have infinite
outer Peano-Jordan content, since we cannot use finitely many bounded
rectangles to cover such sets. We will see that this also limits what we can
integrate.

As a very simple example, Q C RY has empty interior, hence PJ7(Q) = 0,
but by unboundedness, PJ(Q) = co. Q, however, is Lebesgue measurable:
{(qi — €/2%,q + €/2") }sen, where we enumerate all rationals ¢; with a function
i+ i, ¢: N—Q

Lemma 3. Let Ey,...,E,, C RN be Peano-Jordan measurable sets. Then,

are also Peano-Jordan measurable. Moreover, if By, ..., E,, C RN are pair-
wise disjoint, then
PJ (U E> =Y PI(Ei)
i=1 i=1

Proposition 1. Let f : RN — R be a continuous function and K C RN
compact. Then,

PI{(z, f(x):2 € K})=0
Theorem 1. Let E C RY be a bounded set. Then,

PIT(E)-PI (E)=PJ + (0F)

In particular, E is Peano-Jordan measurable if and only if PJ + (OF)



1.2 Darboux-Riemann Integral

Definition 4. For A C Q, we define the indicator function 64 : 2* as:

o= {} 154

Definition 5. Let f : D — R. We say that f is a piecewise-constant func-
tion if

k
flz) = Zyz(SE (z)

for some y; € R, and some rectangles E, ..., E, C RN which have pairwise
disjoint interiors (in particular, they can overlap on boundaries, which gives
two nonzero terms in the sum for such x € E; N Ej, j # 1), such that

. This implies that D is a pluri-rectangle.

Definition 6. Let f: D — R be a piecewise-constant function. We define the
Darboux integral of f on D as

k
/D f(z)dz = Zyﬂ)j(Ei)

Definition 7. The upper and lower Darboux integrals of any function f :
D — R where D C R is a (pluri)-rectangle, are defined as:

/ f(x)dx := sup {/ g(x)dz | f > g and g piecewise constant }
Jp D

/ f(z)dx := inf {/ h(z)dz | f < h and h piecewise constant }
D D

We say f: D — R is Darboux integrable if

/Df(a:)dx = /Df(x)dx

and then define its Darbouz integral as this value:

/Df(x)dxz/Df(a:)dxz/Df(x)da:



Theorem 2. If f : D — R is a function on a (pluri)-rectangle D, and we let
R(D) C 227 denote the family of all finite collections of rectangles

C={E,.., By} c2P

that have pairwise disjoint interiors such that Ule E; = D Then,

k
/Df(a;)d:z: := sup {Z M;PJ(E;) | {E:}s_, € R(D), M; = sup f(Ei)}

k

i=1
And, f is Darboux integrable if and only if for all € > 0, we can find a partition
{E;}_| such that
k
> IM; —miPT(E;) < e
i=1

But we have an alternative characterization that sees the Darboux-Riemann
integral as the signed ”volume under the graph”:

Theorem 3. Let f : D — R where D is a (pluri)-rectangle. Then f is Darbouz-
integrable if and only if the following sets:

ET = {(x,y) € D x [0,00) | 0 <y < f(x)}
E™ == {(x,y) € D x (—00,0] | f(z) <y <0}

Are both Peano-Jordan measurable. Moreover, then we have the following
way to compute the Darboux integral:

/ F(z)dz = PI(E) — PI(E™)
D



